The paper is devoted to the study of mappings with non-bounded characteristics of quasiconformality. We investigate the interconnection between the classes of the socalled ring Q-mappings and lower Q-mappings. It is proved that open discrete lower ring Q-mappings are ring Q n−1 -mappings at fixed point. As consequence we obtain the equicontinuity of the class of the open discrete Orlicz-Sobolev mappings with finite distortion at n ≥ 3.
Introduction
Everywhere below, D is a domain in R n , n ≥ 2, m be a measure of Lebesgue in R n , and dist (A, B) is the Euclidean distance between the sets A and B in R n . The notation f : D → R n assumes that f is continuous. In what follows, B(x 0 , r) = {x ∈ R n : |x − x 0 | < r} , B n := B(0, 1) , S(x 0 , r) = {x ∈ R n : |x − x 0 | = r} , S n−1 := S(0, 1) , ω n−1 denotes the square of the unit sphere S n−1 in R n , Ω n is a volume of the unit ball B n in R n . Recall that a mapping f : D → R n is called open if the image of every open set in Ω is an open set in R n . A mapping f : D → R n is said to be a discrete if the preimage f −1 (y) of every point y ∈ R n consists of isolated points. Following Orlicz, given a convex increasing function ϕ : R + → R + , ϕ(0) = 0, denote by L ϕ the space of all functions f : D → R such that . Note that in this paper we use the notation W 1,ϕ loc for more general functions ϕ than in the classical Orlicz classes giving up the condition on convexity and normalization of ϕ.
Let ω be an open set in R k , k = 1, . . . , n − 1. A (continuous) mapping S : ω → R n is called a k-dimensional surface S in R n . Sometimes we call the image S(ω) ⊂ R n the surface S, too. The number of preimages N(S, y) = card S −1 (y) = card {x ∈ ω : S(x) = y}, y ∈ R n is said to be a multiplicity function of the surface S. In other words, N(S, y) denotes the multiplicity of covering of the point y by the surface S.
Recall that a k-dimensional Hausdorff area in R n (or simply area) associated with a surface S : ω → R n is given by
for every Borel set B ⊂ R n and, more generally, for an arbitrary set that is measurable with respect to
If ρ : R n → R + is a Borel function, then its integral over S is defined by the equality
Given a family Γ of k-dimensional surfaces S, a Borel function ρ :
for every S ∈ Γ. Given p ∈ (0, ∞), the p-modulus of Γ is the quantity
We also set
and call the quantity M(Γ) the modulus of the family Γ. The modulus is itself an outer measure in the space of all k-dimensional surfaces.
We say that a Lebesgue measurable function ρ :
where the infimum is taken over all ρ ∈ ext p adm Γ. In the case p = n, we use the notations M (Γ) and ρ ∈ ext adm Γ, respectively. For every p ∈ (0, ∞), k = 1, . . . , n − 1, and every
The following concept is motivated by Gehring's ring definition of quasiconformality in [3] , see [7, section 9] . Given domains D and D ′ in R n = R n ∪ {∞}, n ≥ 2, x 0 ∈ D \ {∞}, and a measurable function Q : D → (0, ∞), they say that a mapping f :
for every ring
,
|x − x 0 |, and Σ ε denotes the family of all intersections of the spheres
with D. This notion can be extended to the case x 0 = ∞ ∈ D by applying the inversion T with respect to the unit sphere in 
where the infimum is taken over all Borel nonnegative measurable functions ρ :
The infimum is attained for the metric
The following statement is extension of the criterion for homeomorphisms in R n to be lower Q-homeomorphisms, see in [7, Theorem 9.2] .
where
Proof. We can consider || Q|| n−1 (r) < ∞ a.a. For every ρ ∈ ext adm Σ ε , by Lemma 2.1
and A ρ (r) is a measurable function in the parameter r, say by the Fubini theorem. Let A Σε denotes the class of all Lebesgue measurable functions ρ :
From other hand, given ρ ∈ ext adm Σ ε we obtain
because A ρ (r) ≥ 1 for a.e. r ∈ (0, ε 0 ) in view of of Lemma 2.1. From (2.2) and (2.3), we obtain that
Now let us to prove that
where q = n/(n − 1) > 1 and I(r) denotes the set of all measurable function α on the surface
First of all, denoting by ψ(r) := inf
dH n−1 , by Lemma 2.2 we observe that
Consequently, by Fubini Theorem ψ(r) is measurable by r (see e.g. [11, Theorem 8.1, Ch. III]). Hence, the integral in the right-hand part of (2.5) is well-defined.
Given a function ρ ∈ A Σε , we have that a function ρ r (x) := ρ| S(x 0 ,r) is measurable with respect to H n−1 for a.a. r ∈ (ε, ε 0 ) by Fubini theorem (see [11, Theorem 8 
Taking inf over all ρ ∈ A Σε , by (2.4) we obtain that
Now let us to prove the inverse inequality. By Lemma 2.2, the infimum of ψ(r) =
dH n−1 is attained for the metric
By assumption Q n−1 (r) < ∞ for a.a. r ∈ (ε, ε 0 ), hence, we obtain that α
The inequalities (2.7) and (2.8) yield (2.5). From other hand, (2.1) follows from (2.5) and (2.6). ✷ Following in [10, section II.10], a condenser is a pair E = (A, C) where A ⊂ R n is open and C is non-empty compact set contained in A. A condenser E = (A, C) is said to be in a domain G if A ⊂ G. For a given condenser E = (A, C) , we set
where W 0 (E) = W 0 (A, C) is the family of all non-negative functions u :
, and cap E is called capacity of the condenser E, see in [10, Section II.10].
We need the following statement, see in [10, Proposition II.10.2].
Proposition 2.1. Let E = (A, C) be a condenser in R n and let Γ E be the family of all curves of the form γ : [a, b) → A with γ(a) ∈ C and |γ| ∩ (A \ F ) = ∅ for every compact
We say that a mapping R n is a ring Q-mapping at a point x 0 ∈ D if and only if
for every ring A(x 0 , r 1 , r 2 ), 0 < r 1 < r 2 < r 0 = dist(x 0 , ∂D), and for every Lebesgue measurable function η :
In what follows q x 0 (r) denotes the integral average of Q(x) under the sphere |x − x 0 | = r,
The following statement was proved in one of the earlier author's work, see [13, Theorem 1] . Let us give some important definitions, see [15] . Let G is an open, bounded, connected set in R n and C 0 , C 1 , are disjoint compact sets in the closure of G. We will let R = G \ (C 0 ∪ C 1 ) and R * = R∪C 0 ∪C 1 . The conformal capacity of C 0 , C 1 relative to the closure of G is defined as
where the infimum is taken over all functions u which are continuous on R
where ρ ∈ adm Σ means that ρ is a nonnegative Borel function on R n such that
Let us remark that by Ziemer result 
The main Lemma
The following Lemma is the most important statement for the following investigation. Proof. Let x 0 ∈ D, 0 < r 1 < r 2 < dist (x 0 , ∂D). Without loss of generality, we can consider that f (x 0 ) = ∞. By Lemma 2.4 it is sufficient to prove that
where E be a condenser E = (B(x 0 , r 2 ), B(x 0 , r 1 )), ω n−1 is the area of the unit sphere in R n , q * x 0 (r) is the average of Q n−1 (x) over the sphere |x−x 0 | = r and I * = I * (r 1 , r 2 ) = . Given ε ∈ (r 1 , r 2 ), let us consider the ball B(x 0 , ε). Let us set C 0 = ∂f (B(x 0 , r 2 ) ), C 1 = f (B(x 0 , r 1 )), σ = ∂f (B(x 0 , ε)). Since B(x 0 , r 2 ) is a compactum in D, there exists a ball B(x 0 , R) with f (B(x 0 , r 2 )) ⊂ B(x 0 , R). Let us set G := B(x 0 , R). 0 , r 1 ) ) is the compact subset of f (B(x 0 , ε)) as well as f (B(x 0 , ε)) is a compact set of f (B(x 0 , r 2 )). In particular, f (B(x 0 , r 1 )) ∩ ∂f (B(x 0 , ε)) = ∅. Let as above, R = G \ (C 0 ∪ C 1 ) and R * = R ∪ C 0 ∪ C 1 , then R * := G. Let us remark that σ separates C 0 from C 1 in R * = G. Indeed, we have that σ ∩ R is closed in R, besides of that, let A := G \ f (B(x 0 , ε) ) and B = f (B(x 0 , ε)), then A and B are open in G \ σ, C 0 ⊂ A, C 1 ⊂ B and G \ σ = A ∪ B.
Since f is continuous and open, f (B(x
Let Σ be a family of all sets which separate C 0 from C 1 in G. Since for open mappings ∂f (O) ⊂ f (∂O) whenever O is a compact subdomain of D, we have ∂f (B(x 0 , r)) ⊂ ∂f (B(x 0 , r)) whenever r ∈ (0, dist (x 0 , ∂D)).
∂f (B(x 0 , r)) in the sense of (2.10), then also ρ ∈ adm
in the sense of (1.1). Since ∂f (B(x 0 , r)) ⊂ f (S(x 0 , r)), we obtain ρ ∈ adm
and, consequently, by (2.9) we obtain that
However, by (2.11) and (2.12),
Let Γ f (E) be a family of curves for a condenser f (E) in the notions of the Proposition 2.1, .2) and Proposition 2.1 we obtain that
Finally, from (3.1) and (3.3) we obtain the inequality
By Lemma 2.3, from (3.4) we get
that is desired relation. ✷
Connection between Orlicz-Sobolev classes and lower Q-mappings
Recall that a mapping f between domains D and
with a.e. finite function K where f ′ (x) denotes the matrix norm of the Jacobian matrix
|f ′ (x) · h|, and J f (x) = detf ′ (x) is its Jacobian.
Later on, we use the notation K f (x) for the minimal function K(x) ≥ 1 in (4.1), i.e., we set
Given a mapping f : D → R n , a set E ⊂ D and y ∈ R n , we define a multiplicity function N(y, f, E) as a number of the preimages of y in E, i.e. N(y, f, E) = card {x ∈ E : f (x) = y} , N(f, E) = sup With no loss of generality, we may assume that the B l are mutually disjoint. Denote also by B * the set of all points x ∈ D where f has the total differential but with f ′ (x) = 0. By the construction the set B 0 := D \ (B B * ) has Lebesgue measure zero. Hence by [7, Theorem 9 .1], H n−1 (B 0 ∩ S r ) = 0 for almost every sphere S r := S(x 0 , r) centered at x 0 ∈ D, were "almost every" is understood in the sense of conformal modulus of the family of surfaces. By Lemma 2.1, H n−1 (B 0 ∩ S r ) = 0 for almost every r ∈ R.
Let us consider a case n = 2. Let us consider the division of the set
Let ϕ k be auxiliary quasiisometry which maps the A k onto some rectangular A k such that the arcs of the spheres are mapped onto the straight segments under which. We may take ϕ k (z) = log(z − z 0 ). Let us consider the family of mappings
loc , see [8, Follow, let us show that H 1 (f (B * ∩ S r )) = 0 for almost every r ∈ R. Indeed, let ϕ k , g k and A k be as above, A k = {z ∈ C : z − x 0 = re iϕ , r ∈ (r k−1 , r k ), ϕ ∈ (ψ k−1 , ψ k )}, and let S k (r) be a part of the sphere S(x 0 , r) lying in the spherical segment A k , i.e., S k (r) = {z ∈ C : z − x 0 = re iϕ , ϕ ∈ (ψ k−1 , ψ k )}. By construction, ϕ k maps S k (r) on the segment I(k, r) = {z ∈ C : z = log r + it, t ∈ (ψ k−1 , ψ k )}. Applying [2, Theorem 3.2.5], we obtain that
for almost every r ∈ (r k−1 , r k ). Consequently, H 1 (g k (ϕ k (B * ∩ S k (r)))) = 0 for almost every r ∈ (r k−1 , r k ). It follows from above that H 1 (f (B * ∩ S k (r))) = 0 for almost every r ∈ (r k−1 , r k ). By subadditivity of the Hausdorff measure, H 1 (f (B * ∩ S r )) = 0 for almost every r ∈ R, that is desired conclusion.
Suppose that n ≥ 3. By [5, Corollary 3.3] , from the condition H n−1 (B 0 ∩ S r ) = 0 for almost every r ∈ R we obtain that H n−1 (f (B 0 ∩ S r )) = 0 for almost every r ∈ R. Follow, by [5, Corollary 3.3] we also have that H n−1 (f (B * ∩ S r )) = 0 for almost every r ∈ R.
Let Γ be the family of all intersections of the spheres S r , r ∈ (ε, ε 0 ),
and, consequently, for a.e. r ∈ (0, ε 0 )
From the proving above, we get from (4.3) that
for a.e. r ∈ (0, ε 0 ). Arguing piecewise on B i , i = 1, 2, . . ., we have by [2, 1.7.6 and Theorem 3.2.5] that
for a.e. r ∈ (0, ε 0 ). It follows from (4.4) and (4.5) that ρ ∈ ext adm Γ. 
and the proof is complete. ✷
The following statement can be obtained from Theorem 4.1. 
Proof is founded on Stoïlow's factorization theorem (see [14, section 5 (III), Ch. V]. We obtain that f = ϕ • g, where g is some homeomorphism and ϕ is analytic function. Note that a branch set B ϕ ⊂ g(D) of ϕ consists only from isolated points (see [14, 
